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History and Motivation: 1930s

• The basic electroacoustic model for direct radiator
loudspeakers was developed in the 1930s

• From Olson’s Elements of Acoustical Engineering (1940):
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History and Motivation: 1970s to 1990s

• In the 1970s, it was recognized that compliance was not
static but exhibited frequency-dependent viscoelastic
behaviour (Elliott, JAES 26 (1978) 1001).

• In the 1990s, the first empirical creep-compliance models
were explored (Knudsen and Jensen, JAES 41 (1993) 3).
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Present Status of Creep-Compliance Models

• At present, there are a handful of established
creep-compliance models in use:

1 1993: Knudsen (LOG)
2 2010: Ritter creep (3PC)
3 2011: Thorborg f -dependent damping (FDD, SI-LOG)
4 2016: Novak fractional derivative (FD)

• These models replace 1-parameter static compliance with a
2 or 3-parameter form.
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Electrical and Mechanical Circuits for Transducer

eg

ivc

ZE

Zmot

Electrical circuit
V → eg

I→ ivc

R→ Z = (B`)2/Z

Fg

uD

ZE

Zmot

Mechanical circuit
V → Fg = eg(B`)/ZE

I→ uD

R→ Z = (B`)2/Z
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Complete Electrical Circuit for Transducer

ZE from Thorborg and Futtrup, JAES 59 (2011) 612.
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Traditional Static Compliance (TS)

Zmot = iωMMS + RMS +
1

iωCMS

• Basis of technical datasheets
• CMS is the fixed compliance
• A textbook damped harmonic oscillator
−→ k = 1/CMS the spring constant
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Knudsen LOG Model

Zmot = iωMMS + RMS +
1

iωC0 [1 − β ln(iω)]

• Two compliance parameters: (C0,β)
• Knudsen and Jensen, JAES 41 (1993) 3
• Simple but very accurate for typical drivers
• Resistance and compliance now depend on frequency
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Ritter 3-parameter Creep (3PC)

Zmot = iωMMS + RMS +
1

iωC0

[
1 − β ln

(
iω

ω0 + iω

)]

• Three compliance parameters: (C0,β,ω0)

• Ritter and Agerkvist, JAES 129, paper 8217 (2010)
• High-frequency cutoff to LOG model forω� ω0

• ω0 = 1/τmin = 2π fcrit
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Thorborg-Futtrup SI-LOG and FDD Models

Zmot = iωMMS + RMS +
1

iωC0

(
1 + iΛ

1 − β lnω

)

• Three compliance parameters: (C0,Λ,β)
• Thorborg and Futtrup, JAES 59 (2011) 612
• More general form of storage versus loss compliance
• Used on ScanSpeak datasheets: FDD→ β = 0
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Novak Fractional Derivative (FD) Model

Zmot = iωMMS + RMS +
1 + η(iω)β

iωC0

• Three compliance parameters: (C0,η,β)
• Novak, JAES 64 (2016) 35
• Clever alternative to LOG-type models(

∂

∂t

)β
est � sβest
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Drivers tested

Name D (cm) Damping VC Former Copper

FU 10 medium-low alum cap

L16 15 medium-low alum ring below
gap

W18 18 medium-low alum rings above/
below gap

L19 18 ultra-low glass-fiber rings above/
below gap

W26 26 ultra-low kapton ring below
gap
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5 drivers
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FU10
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L16
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L19
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W18
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W26
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Accurate Added-Mass Determination is Critical
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Electrical Measurement System

• Smith & Larson Woofer Tester Pro
• Continuous-sine measurement (approx 400 points)
• Constant voltage (242 mV) method
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Measurement and Analysis Workflow
General considerations

Z(ω) =

Electrical Impedance︷   ︸︸   ︷
ZE(ω) +

Motional Impedance︷               ︸︸               ︷
(B`)2

iωMMS + f (ω)

• f (ω) is model dependent
• Assume all mass dependence captured by MMS

• Neglect nonlinear effects, so need to use low voltage
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Measurement and Analysis Workflow
Added mass

Z(0)(ω) =

Electrical Impedance︷   ︸︸   ︷
ZE(ω) +

Motional Impedance︷               ︸︸               ︷
(B`)2

iωMMS + f (ω)

1 Perform 3 measurements:
− Cone unweighted: Z(0)

− Cone with added mass m1 attached: Z(1)

− Cone with added mass m2 attached: Z(2)
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Measurement and Analysis Workflow
Added mass

Z(1)(ω) =

Electrical Impedance︷   ︸︸   ︷
ZE(ω) +

Motional Impedance︷                          ︸︸                          ︷
(B`)2

iω(MMS + m1) + f (ω)

1 Perform 3 measurements:
− Cone unweighted: Z(0)

− Cone with added mass m1 attached: Z(1)

− Cone with added mass m2 attached: Z(2)
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Measurement and Analysis Workflow
Added mass

Z(2)(ω) =

Electrical Impedance︷   ︸︸   ︷
ZE(ω) +

Motional Impedance︷                          ︸︸                          ︷
(B`)2

iω(MMS + m2) + f (ω)

1 Perform 3 measurements:
− Cone unweighted: Z(0)

− Cone with added mass m1 attached: Z(1)

− Cone with added mass m2 attached: Z(2)
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Measurement and Analysis Workflow
Extract pure motional impedance

Z(ω) =

Electrical Impedance︷   ︸︸   ︷
ZE(ω) +

Motional Impedance︷               ︸︸               ︷
(B`)2

iωMMS + f (ω)

2 Subtract to remove electrical impedance from data

∆Z1 � Z(0) − Z(1) and ∆Z2 � Z(0) − Z(2)

and compute model-free motional impedance

Z∗
mot �

(1 − µ)∆Z1∆Z2

∆Z2 − µ∆Z1

where µ = m2/m1.
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Measurement and Analysis Workflow
Extract pure motional impedance

Z(ω) =

Electrical Impedance︷   ︸︸   ︷
ZE(ω) +

Motional Impedance︷               ︸︸               ︷
(B`)2

iωMMS + f (ω)

2 Subtract to remove electrical impedance from data:

∆Z1 � Z(0) − Z(1) and ∆Z2 � Z(0) − Z(2)

and compute model-free motional impedance

Z∗
mot �

(1 − µ)∆Z1∆Z2

∆Z2 − µ∆Z1

where µ = m2/m1.
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Example Z∗mot curves
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Example Z∗mot curves

L16
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Measurement and Analysis Workflow
Determine B`

Z(ω) =

Electrical Impedance︷   ︸︸   ︷
ZE(ω) +

Motional Impedance︷               ︸︸               ︷
(B`)2

iωMMS + f (ω)

3 Compute B` using frequency-average

(B`)2 = m1

〈
iωZ∗

mot(Z∗
mot − ∆Z1)

∆Z1

〉ω2

ω1
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Measurement and Analysis Workflow
Motional impedance fit

Z(ω) =

Electrical Impedance︷   ︸︸   ︷
ZE(ω) +

Motional Impedance︷               ︸︸               ︷
(B`)2

iωMMS + f (ω)

4 Fit Zmot using complex least-squares method

Zfit
mot : iωMMS + RMS + · · · =

(B`)2

Z∗
mot
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Measurement and Analysis Workflow
Electrical impedance fit

Z(ω) =

Electrical Impedance︷   ︸︸   ︷
ZE(ω) +

Motional Impedance︷               ︸︸               ︷
(B`)2

iωMMS + f (ω)

4 Fit ZE using complex least squares method

Zfit
E : RE + iωLEB + · · · = Z(0)(ω) −

(B`)2

ZFIT
mot(ω)
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Illustration of Fit Regions

Motional fit region
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Illustration of Fit Regions

Electrical fit region
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Illustration of Fit Regions
Other regions are adjusted to minimize total error here

Final error region
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Fit Example: L16
Impedance

Traditional model
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Fit Example: L16
Impedance

LOG model
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Fit Example: L16
Phase

Traditional model
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Fit Example: L16
Phase

LOG model
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Fit Example: L16
Nyquist plot

Traditional model
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Fit Example: L16
Nyquist plot

LOG model
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Fit Example: L16
Z comparison

Traditional model
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Fit Example: L16
Z comparison

LOG model
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Fit Example: L16
Mass consistency formulae

m∗
1 =

(B`)2

iω
∆Z1

Z∗
mot(Z∗

mot − ∆Z1)

mfit
1 =

(B`)2

iω
∆Z1

Zfit
mot(Zfit

mot − ∆Z1)

mfit
2 =

(B`)2

iω
∆Z2

Zfit
mot(Zfit

mot − ∆Z2)
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Fit Example: L16
Mass consistency

Traditional model
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Fit Example: L16
Mass consistency

LOG model
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Fit Example: L16
Fit error

Traditional model
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Fit Example: L16
Fit error

LOG model
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Driver-Model Comparison Matrix

Average fit error in Ohms

TS FDD LOG SI-LOG 3PC FD
FU 0.089 0.025 0.026 0.016 0.026 0.025

L16 0.170 0.074 0.019 0.013 0.018 0.020
W18 0.160 0.047 0.009 0.009 0.010 0.008
L19 0.342 0.135 0.079 0.081 0.026 0.196

W26 0.216 0.046 0.033 0.031 0.032 0.032
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Conclusions
Comments on model robustness and accuracy

• 2-parameter LOG model gives excellent balance of
simplicity versus accuracy

• SI-LOG and FD models may be slightly more accurate in
some cases

• 3PC model may be the most robust (more testing required)
• All models yield frequency-dependent damping absent

from traditional model
• Added mass measurements require care and precision
• Electrical measurement system should have high S/N
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